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Abstract. In this paper we show that if A = LT;>oAi is a Koszul algebra with 
Ao isomorphic to a product of copies of a field, then the minimal projective 
resolution of Ao as a right A-module provides all the information necessary to 
construct both a minimal projective resolution of Aq as a left A-module and 
a minimal projective resolution of A as a right module over the enveloping 
algebra of A. The main tool for this is showing that there is a comultiplicative 
structure on a minimal projective resolution of Aq as a right A-module. 



Introduction and preliminaries 

Let A = Ui> Ai be a Koszul algebra over a field k with A a product of copies 
of k, where we recall the definition of Koszul later in this section. Denote by (L, e) 
a minimal (graded) projective resolution of A as a right A-module. We show 
that (L, e) contains all the information needed to construct a minimal projective 
resolution of A as a right A e -module, where A e = A op ®k A. The resolution (L, e) is 
shown to have a "comultiplicative structure" . This structure is used to prove that 
one can obtain a minimal projective resolution of Ao over A as a left A-module from 
the knowledge of (L, e). We apply these results to prove an unpublished result of 
E. L. Green and D. Zacharia that A is a Koszul algebra if and only if A is a linear 
module as a right module over A e . In [2] , the comultiplicative structure is applied 
to give the multiplicative structure of the Hochschild cohomology ring of a Koszul 
algebra and also the structure constants for a basis for the Koszul dual. 

The rest of the section is devoted to recalling definitions, results, and terminology 
relevant to this paper. Let A = IL>oAj be a graded algebra over a field k. Assume 
that (i) Ao is a product of copies of k, that (ii) each Aj is finite dimensional over k, 
and that (iii) A as an algebra is generated in degrees and 1. Such an algebra A is 
isomorphic to a quotient of the path algebra kQ/I, where kQ is isomorphic to the 
tensor algebra Ta (Ai) = IL>o Ai ®a • ■ • <§5a Ai. Conversely, if Q is a quiver and 

V v ' 

i 

I is an ideal generated by length homogeneous elements in kQ, then A = kQ/I is 
a graded algebra over k satisfying the conditions above. Throughout this paper A 
denotes a graded algebra having properties (i)-(iii) . 

Let r = Hi>iAi, which is the graded Jacobson radical of A. If (P, d): 

> p 2 jf + p 1 p° M — ► 
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is a graded projective resolution of a graded A-module M, then it is minimal if 
lmd n C tP™ -1 for n > 1. It is well known that graded modules over graded alge- 
bras have minimal graded projective resolutions. We say that a graded projective 
resolution 

is linear, and M is a linear module if, for n > 0, the graded module P n is generated 
in degree n. Note that a linear resolution is a minimal projective resolution. A 
graded algebra A is a Koszul algebra if Ao is a linear module; that is, Ao has a 
linear (graded) projective resolution (L, e): 

as a right A-modulc. 

Before giving the precise results, we introduce notation and recall results from 
[5] which are used throughout the paper. For ease of notation, let R — kQ, let B 
be the set of all paths in the quiver Q, and denote by B t all the paths of length t. 

There exist integers {t n } n >o and elements {/"}*= m R such that a minimal 
right projective resolution (L, e) of Ao can be given in terms of a filtration of right 
ideals 

• ■ ■ c n^/fi? c nt^fr'R c ■ ■ ■ c ii*L //fl c u% Q f?R = r 

in R. Then L n = n^ /; l i?/ H*^ ffl and the differential e is induced by the 
inclusion H*^ /fi? C ufj^f^R. This inclusion gives elements ,n in R such 
that 

tn-l 

i=o 

for alH = 0, 1, . . . , t n and all n > 1, so that 

e^) = (/^,/^,...,/Of) 

for all n > 1, where * denotes the natural residue class of * modulo /. It is shown 
in [5] that the /™'s can be chosen so that (L, e) is a minimal resolution of A over A. 
We point out that an algorithmic construction of the elements /™'s can be found 
in [4]. 

An important property of the elements {/™}*IL is that there exist elements 
in U'^o 1 /" 7 such that 

(ut fl l R) n (H*r 7f/) - Q££f? +1 R) n (Ujf^'R). 

Recall that an element x in R is called uniform if x is non-zero and there exist 
vertices u and v in Q such that x = uxv. If x is a uniform element with x = uxv, 
then we write o(x) = u and t(x) = v. The elements /" can all be chosen uniform 
for i = 0, 1, . . . , t n and all n > 0, and we assume that they are. 

Note that to + l is the number of non-isomorphic graded simple right A-modules, 
and that {/j°}*1 is the set of vertices of Q. Moreover, t\ + 1 is the number of arrows 
of Q and {//}*L is choosen to be the set of arrows of Q. The set {/f }*i is a set 
of uniform length homogeneous minimal generators for /. 

In case A is a Koszul algebra, we have the following additional property of 
the elements /" in R: namely each /" is a linear combination of paths in B n for 
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i = 0, 1, . . . , t n and the length of each path occurring in is at least n + 1. By 
length considerations, h™^~ are all linear combinations of elements in B\. 

In section 1 we prove that the elements {/"}*=o „> have the following "comul- 
tiplicative structure" , which is used in [2] to give the multiplicative structure of the 
Hochschild cohomology ring of a Koszul algebra and the structure constants for the 
basis associated to the elements {/"} for the Koszul dual. 

Theorem. Let A = kQ/L be a Koszul algebra. Then for each r, with < r < n, 
and i, with < i < t n , there exist elements c pq (n,i,r) in k such that 



for all n > 1, all i in {0, 1, . . . , t n } and all r in {0, 1, . . . , n}. 

Viewing Ao as a left module over A, it also has a minimal graded projective 
resolution given by {<7™}f!L , where g™'s are the left analogue of the right /™'s in R. 
The above result is used to prove that one can choose the elements g™'s to be the 
same as the elements /"'s and then the formula /" = YlpqZn 1 ^("iMj/p/j -1 
gives the differential in the projective resolution of A as a left A-module. Thus 
the knowledge of the minimal projective resolution (L, e) via the elements {/"} 
contains all the information needed to construct a minimal projective resolution of 
A as a left A-module. 

In the final section of the paper, the elements /™'s are shown to provide all the 
information needed to construct a minimal projective resolution of A as a right 
A e -module. In particular, we prove the following. 

Theorem. Let A = kQ/L be a Koszul algebra, and let {/™}*IL ^ e defined as above 
for A as a right A-module. A minimal projective resolution (P, S) of A over A e is 
given by 

P" = H*!L A (/f ) ® fc t(/f)A 
for n > 0, where j-th component of the differential 5 n : P n — ► P" -1 applied to the 
i-th generator o(/") <S> t(/j") is given by 

jr c pj (n, i, x ) ® t(/;- 1 ) + (-1)- jr c jq (n, i, n - i)o(f^) ® t(/;- 1 )^ 

for j = 0, 1, ... , i„_i and n > 1, and 5° : U*Lo ®fc A is the multiplication 

map. 

As mentioned earlier, the final result of the paper is that A is a Koszul algebra 
if and only if A is a linear module as a right A e -module. 

1. A RESOLUTION WITH COMULTIPLICATIVE STRUCTURE 

In this section Theorem 1.1 provides a comultiplicativc structure to a minimal 
projective resolution of A as a right A-module. This result is then applied to show 
that the knowledge of a minimal projective resolution of A as a right A-module is 
sufficient to construct a minimal projective resolution of A as a left A-module. 

Let A = kQ/L be a graded algebra over a field k. Let {t n } n >o and {/™}*^o „>o 
be as in the introduction. We say that {/™}j^p „>o defines a minimal resolution if 
the resolution described in the introduction is minimal. 
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The next result shows that the elements {/"} have a co-multiplicative structure 
for a Koszul algebra. 

Theorem 1.1. Let A = kQ/I be a Koszul algebra, and assume that {/™}*= defines 
a minimal resolution of Aq as a right h-module. Then for each r, with < r < n, 
and i, with < i < t n , there exist elements c pq (n,i,r) in k such that 

t r tn — r 

/» = ^^an,i, r )/;/;- r . 

Proof. For any n, and r equal to or n, the result follows from /" = /™/ t °(jr>) = 
fgifv)f? for i = 0, 1, . . . , t n . Also, this proves the result in the case n is equal to 1. 

Next we discuss the case n = 2. As we have remarked, each ff = X^Lo fjhjl ■ 
Since A is Koszul, each ff is a linear combination of paths in B 2 , and hence h^f is 
a linear combination of elements in B\. This gives the result for n = 2. 

Now we proceed by induction on n and assume that the result is true for I < n 
and n > 3. Wc have that /" = Y^f=o .fj 1 ^^ 1 "- As m our discussion for n = 2, 
we see that h™[~ is a linear combination of elements in B\. There exist elements 
Cij s in k such that 

t„-l tl 

fi = C ijs.fj .fs- 

j=0 s=0 

By induction, there exist elements c'j uv in k such that 

rn—1 \ ^ \ ^ / rr rn — r—1 

J j / J / , ^juvJuJv 

for any r, with < r < n — 1. Hence 

c ijs c juvfufv fs 

j s u v 

for any r, with < r < n — 1. The term after is 

(1) ^ = ^ c ijsc'juv fv r 1 fs- 

j S V 

Theory tells us that 

t„-2 

en f rl_2 z 

where is in /. Again by length considerations each z w is a linear combination of 
/ ; 2 's. Hence, there exist elements c' i ' wx in k such that 

t n -2 t 2 
m = y y // f n-2 r2 
Ji / t / t ^iwxJ w .fx' 

w—Q x—Q 

By induction each /™ -2 is a linear combination of fufy T ~ 2 - We obtain 

fn — ST ST ST ST 'I I" rrrn-r-2 f 2 
J i / j / j / j / j ^iwx^wuyJ uJ y J x 

w x u y 



RESOLUTIONS OVER KOSZUL ALGEBRAS 



5 



for some c'^ uy in k. So the term after in this expression is 
(9) B = V* r" r'" f n - r - 2 f 2 

W X u 

Since ^2 U f^R is a direct sum, we see that formulas (1) and (2) are equal. The 
equation (1) implies that A is in U^g^ 1 f"~ r ~ 1 R, and the equation (2) implies 
that A is in U-l n - Q r - 2 fl l - r - 2 I. It follows that A is contained in {U t t 'r o r f^~ r R) II 
(U l fJ l - r R). By length arguments we infer that A is in 

tf£of?~ r R and that A 

is a k- linear combination of the /"~ r 's. Hence we conclude that /" is a /c-lincar 
combination of /J/™ -1 *, and this completes the proof of the result. □ 

Since the maps in the minimal projective resolution of Ao as a right A-modulc 
are given by the ft.™ -1 '™, we explicitly point out the following relationship. 

Corollary 1.2. Keeping the notation of Theorem 1.1, we have 

ti 

fr^T 1 '" = ^flcji(n,i,n- 1) 

1=0 

for n > 1, and i and j, with < i < t n , and < j < i„_i. 

Before applying Theorem 1.1 we need the following lemma, where J denotes the 
ideal generated by the arrows in Q. 

Lemma 1.3. Let {xi} ie z be a set of elements in the linear span of B s . Suppose 
that {xi} ie x is linearly independent viewed as vectors over k. Then ^2 ieI Rxi and 
J2iei x iR are direct sums. 

Proof. Suppose that ^ X^ex c ij1ij x j = in i? for some elements c,j in k and some 
paths qij in R. Since all the paths occurring in any Xi have the same length, we 
can assume without loss of generality that the paths all have the same length, 
say t. Since J* = H ge s t gi?, fixing q in B t , it follows that J2 qij = q ( l( c ij x j) = 0> 
which implies that . °ij x j — 0. By assumption, we have that c%j — for all 
q^ = q. Hence we infer that Rxi is a direct sum. Similarly, Y ieT XiR is a 

direct sum. □ 

We now show that the {/"} obtained from a right minimal projective resolution 
of Ao and the {5™} obtained from a left minimal projective resolution of Ao can be 
chosen to be the same. 

Proposition 1.4. Let A = kQ/L be a Koszul algebra. Let {/" } j 2. and {<7™}^ 
define a minimal resolution of Ao as a right K-module and as a left A-module, 
respectively. Then s n = t n for all n > and the set {5"} i 2. can be chosen to be 
equal to the set {f™Yi=o f or a ^ 71 — 0- 

Proof. For n equal to 0, 1, or 2 the result is clear. Let n > 3. We proceed by 
induction on n and assume that the result is true for all i < n. By Theorem 1.1, 
for each i with < i < t n the equalities 

fn _ fl fn-l _ f2 rn-2 

Ji 2-~i P<1 JpJq — / t c p' ,q' J p' J a > 

p,q p',q' 

hold for some c pq and c p > ^1 in k. Hence /" is in (H g ii/™ _1 ) n (H g /J/™, _ ), which, 
by induction, is equal to (U^ Rgf) H (UiRg? 1 ). Since Y^i f?R is direct, the set 



6 



GREEN, HARTMAN, MARCOS, AND SOLBERG 



{/"} is linearly independent as vectors over k, and therefore the sum ^ 4 i?/™ is 
direct by Lemma 1.3. By length considerations, {/™}*^ ^ s contained in the fc-lincar 
span of {g?}iZo- Therefore t n < s n . By switching the roles of {/"} and {g"} and 
using the argument above, we conclude that {g™Yi=o IS linearly independent and 
each is in fc-linear span of {/™}*= - Hence s n = t n . By Lemma 1.3 it follows 
that U^LoRf- 1 = H*™ .R#™. This shows that we can choose the set {#™}*!L equal 

to unto- " □ 

Proposition 1.4 implies that, given a minimal projective resolution of Ao as 
a right A- module in the from of {/"}, we have all the information to construct 
a minimal projective resolution of A as a left A-module. More precisely, take 
the {/"} as the {g™}, and the maps in the left resolution are given by i— > 

EpU Y? q =o c pq {n 7 i, l)^- 1 . 



2. A MINIMAL PROJECTIVE BIMODULE RESOLUTION OF A 

In this section we turn our attention to the construction of a minimal projective 
A e -resolution of A. This construction uses the comultiplicative structure of the 
minimal projective resolution of A as a right A-module found in Theorem 1.1. 
This is applied to show an unpublished result of E. L. Green and D. Zacharia that 
A is a Koszul algebra if and only if A is a (right) linear module over A e . 

The following result also shows that the knowledge of the {/"} from a minimal 
projective resolution of A as a right A-module is sufficient to explicitly give the 
projective modules and the differentials in a minimal projective resolution of A as a 
right A e -module. The structure of the projective modules in a minimal projective 
resolution of A as right A e -module was first given in [6]. Recall that the notation * 
denotes the natural residue class of * modulo /. Let {c pq (n, i, r)} be as in Theorem 
1.1. 

Theorem 2.1. Let A = kQ/I be a Koszul algebra, and let define a minimal 

resolution of Aq as a right A-module. A minimal projective resolution (P, S) of A 
over A e is given by 

P n = U*= Ao(/D ®k t(/f)A 

for n > 0, where the j-th component of the differential 5 n : P n — > P™ -1 applied to 
the i-th generator o(/™) t(/™) is given by 



J2 c PJ (n, i, i)/>(/;- ') ® iirr 1 ) + (-i) ri E c ^ *> n - WfT 1 ) ® K/r 1 )/, 1 



fi 

'q 

p=0 q=0 



for j = 0, 1, ... , t n -i and n > 1, and 5° : B-!L Aa ®fc e^A — > A is the multiplication 
map. 

In particular, A is a linear module over A e . 

Proof. Direct computations show that (5) 2 — 0, so that (P, S) is a linear complex. 
In addition, note that (A (8>a P, 1a ® S) is a minimal resolution of A as a right 
A-module. 

In our setting, we have that A e / rad A e ~ Homfc(Ao, Ao). Let (F, d) be a minimal 
projective resolution of A as a right A e -module. Then by [3, Chap. IX, Proposition 
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4.3] we have that 

HoniAe/ rad A e (F n /F n rad A e , A e / rad A e ) ~ Ext^ (A, A 6 / rad A e ) 

~Ext£(A ,A ) 

^Hom Ao (n^ /"i?/ U^ /fJ,A ) 

for all n > 0. In particular, P™ ~ i* 1 ™ as A e -modules for all n > 0, and hence 
P™/P™radA e ~ F"/F™radA e as A e / rad A e -modulcs for all n > 0. Note that 
these need not be isomorphic as graded modules, but, we in fact show that this is 
the case. 

Since (P, S) is a complex, we obtain the following commutative diagram 

X 2 X 1 x° 

^ P 2 —2-^ P i —2-^ P o a 

a 2 a 1 a" 

>■ f 2 — ^ F 1 — ^ F° A *~ 

Clearly a : P a — > F° is an isomorphism, and we get an isomorphism 
a°\ KelS o: KctS -> Kerrf . Hence Kcr (5°/ Ker (5° rad A e ~ i^/f 11 rad A e . Since 
Im^ 1 is contained in Keri5 , this induces a map (3 1 : P± — » KerJ / Ker<5° rad A e . 
If /3 1 is an isomorphism, then a 1 is an isomorphism and we have exactness at P°. 
Suppose that (3 1 is not an isomorphism. Since P 1 is generated in degree 1, there is 
some projective summand of P 1 which is mapped to zero by S 1 . Using the obser- 
vation that (A ®a Pj 1a ® (5) is a minimal resolution of A as a right A-module, 
we obtain a contradiction. Hence [3 1 is an isomorphism. 

Since a 1 is an isomorphism, we can use the above argument replacing a by a 1 
to show that a 2 is an isomorphism and exactness at P 1 . By induction we infer that 
(P,<5) is exact. Since the terms ^(/j 1 " 1 ) ® t(/ J "" 1 ) and o^"" 1 ) ® t(/™ -1 )^" are 
elements of degree one in A e , we conclude that (P, (5) is a minimal linear projective 
resolution of A over A e . This also implies that A is a linear module over A e . The 
proof is now complete. □ 

As a consequence we obtain the next corollary which was first proved by E. L. 
Green and D. Zacharia. 

Corollary 2.2. Let A = kQ/I be a graded algebra. Then A is a Koszul algebra if 
and only if A as a (right) A e -module is a linear module. 

Proof. Suppose that A is a Koszul algebra. Then Theorem 2.1 implies that A has 
a linear projective A e -resolution, and hence A is a linear module over A e . 

Suppose that A is a linear module over A e as a right module. Let (P, 6) be a 
linear projective resolution of A as a right A e -module. Tensoring P with Ao, we 
obtain Ao 0a P- But Ao ®a P is a linear projective resolution of Ao as a right 
A-module. Hence A is a Koszul algebra, and we are done. □ 
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